Abstract. Let σ be a positive measure whose support is the unit circle Γ plus a denumerable set of mass points, which accumulate at Γ and satisfy Blaschke's condition. We study the asymptotics of L p extremal polynomials (0 < ρ < oo) in the region exterior to Γ under Szegö's condition.
Introduction
Let σ be a finite positive Borei measure with an infinite compact support in the complex plane. Let P n be the set of polynomials of degree n. For ρ > 0, define the L p (a) extremal polynomials associated to the measure σ as the monic polynomials p (z) = z n + ... that minimize the L p (a) norm in the set of monic polynomials of degree n: Lp For ρ = 2, the Ζ/2(σ) extremal polynomials are exactly the orthogonal polynomials associated to the Borei measure σ. A great number of work has been done on this subject see e.g. [2, 4, 6, 11] .
A series of results concerning the asymptotics of the L p (a) extremal polynomials was established. Geronimus [1] has given such asymptotics in the case where the support of the measure σ is a rectifiable Jordan curve with some conditions of smoothness. An extension of Geronimus's result has been given by Kaliaguine [3] , where the measure is supported by a rectifiable Jordan curve plus a finite number of mass points. In [8] [9] .
The main result of the present paper is the study of the Lp(a) extremal polynomials p (z) outside the unit circle Γ, where the measure σ has a decomposition of the form M where μ is a measure supported on the unit circle Γ := {ζ G C : |z| = 1} and is absolutely continuous with respect to the Lebesgue measure άθ on [-π, +π], that is:
and 7 is a point measure supported on {zj;})^ , (|zfc| > 1), that is:
k=1 Note that this work is a generalization of the one of Kaliaguine [3] . More precisely, we consider a measure supported by the unit circle plus an infinite number of mass points, instead of the curve plus a finite number of mass points.
The
We denote by G = {ζ e C : \z\ > 1} U {oo} . We say that / G ií p (G) if / is analytic in G and JCr \f(z)\ p \áz\ <C, 1 < r < 2, Cr = {z G C : \z\ = r} , where C is a constant independent of r.
If the weight function ρ (which defines the measure μ) satisfies Szegö's condition:
$ log(ρ(θ))άθ > -oo, -π then one can construct the so-called Szegö function D associated with domain G and weight function p:
with the following properties:
where D is the angular limit of D. HP{G>p) . κ
Extremal problems in the H
p (G, p) spaces For 0 < ρ < oo, we denote by μ (ρ) the extremal value of the following problem:
It is proved in [3] that the function ψ*{ζ) = D(z)/D(oo)
is an extremal function of this problem.
(G,p), B(oo) = 1 and \B(e ie )\ = Π£ι M, (B(e*) = lim^gi« B(z)).
(
Proof. One makes the change of variable w -1/ζ and one uses the fact that if / G H p {U) where U = {z G C, \z\ < 1} and Β is the Blaschke product formed by the zeros of /, then f/B e H P (U) (see [10] ). (11) is satisfied. Indeed, from the extremality of Τ ηφ (ζ) we deduce that the sequence {mnip(/))}™=1 is decreasing, since 
' mn,p (p) ¿V
Finally, we get the relation (11) by considering (12) and the fact that the sequence j j is increasing.
Note that in the case ρ = 2, we have checked in [5] on an example, theoretically that the sequence {m"'p(p)} j increasing for / = 1 and I = 2 and we have tested it numerically for sufficiently large values of I and n. The inequality (15) implies that there exist a constant C(n) independent of I such that (16) max{|r¿ip(2)|: \z\ < 2} <C(n).
For I big enough, we get with the help of (13), (14) and (16)
so, together with (2) Proof. The proof of the theorem will be divided into some steps. The main part deals with the statement (i).
(a) An upper bound of lim sup m niP (σ). η-* OO By passing to the limit when I -> oo in (11) and using Theorem 1, we obtain 00 (17) m n,p (σ) < ( Π Ν )™n,P (p) • k=l It is proved in [1] that
Using (17), (18) and Lemma 3, we get
(b) A lower bound of lim inf mn D (σ).
Η->OO
It is well known that, (see [3, pp.231 , 233])
From (14), we obtain Then for η big enough and then I, we conclude that +7Γ .
¿ S \fn(e i6 )-b(e ie )\ P de = o(l)
We get (ii) by applying Lemma 4 to the sequence Tn ·^ /φ* (z) with w =1 ¡z .
Second step:
For 1 < ρ < oo, we obtain (ii) by proceeding as in [3, pp.234, 235] .
Finally to prove (iii) we apply Lemma 1, for the function which belongs to H p (G, ρ), then for all compact Κ C G, we have This achieves the proof of Theorem 2.
As immediate consequence of the strong asymptotics (iii) of Theorem 1, one gets the ratio asymptotics.
